Nanoscale ordering of planar octupolar molecules for nonlinear optics at
  higher temperatures by Jarema, Michał et al.
Nanoscale ordering of planar octupolar molecules for nonlinear optics at
higher temperatures
Michał Jarema,1, a) Antoni C. Mituś,2 and Joseph Zyss3
1)Department of Semiconductor Materials Engineering, Wrocław University of Science and Technology,
Wybrzeże Wyspiańskiego 27, 50–370 Wrocław, Poland
2)Department of Theoretical Physics, Wrocław University of Science and Technology, Wybrzeże Wyspiańskiego 27,
50–370 Wrocław, Poland
3)LUMIN Laboratory and Institut d’Alembert, Ecole Normale Supérieure Paris-Saclay, CNRS,
Université Paris-Saclay, 4, avenue des Sciences, Gif-sur-Yvette, France
(Dated: 1 September 2020)
We develop scenarios for orientational ordering of an in-plane system of small flat octupolar molecules at the
low-concentration limit, aiming towards nonlinear-optical (NLO) applications at room temperatures. The
octupoles interact with external electric poling fields and intermolecular interactions are neglected. Simple
statistical-mechanics models are used to analyze the orientational order in the very weak poling limit, sufficient
for retrieving the NLO signals owing to the high sensitivity of NLO detectors and measurement chains. Two
scenarios are discussed. Firstly, the octupolar poling field is imparted by a system of point charges; the setup
is subject to cell-related constraints imposed by mechanical strength and dielectric breakdown limit. The
very weak octupolar order of benchmarking TATB molecules is shown to emerge at Helium temperatures.
The second scenario addresses the dipoling of octupolar molecules with a small admixture of electric dipolar
component. It requires a strong field regime to become effective at Nitrogen temperature range. An estimation
of the nonlinear susceptibility coefficient matrix for both scenarios is done in the high-temperature (weak
interaction) limit formalism. We argue that moderate modifications of the system like, e.g., an increase of the
size of the octupole, accompanied by dipole-assisted octupoling, can increase the poling temperature above
Nitrogen temperatures.
I. INTRODUCTION
Organic molecules and materials have been of persis-
tent interest throughout decades towards the exploration
of nonlinear optical (NLO) phenomena and their progress
towards applications.1–5 The inherent tensorial proper-
ties at all scales promote symmetry considerations at
the core of molecular nonlinear optics alongside prop-
agative and quantum issues. Advances in nanoscale sci-
ence and technologies have come to enable nonlinear
optical configurations all the way from the wavelength
scale of waveguided optics and microresonators,6 down
to the nanoscale7–9 and single molecule experiments.10
Quadratic NLO processes require centrosymmetry break-
ing at the scales from individual molecules to bulk
interactions in molecular crystals.11,12 Polar conju-
gated molecules provide a versatile template, more-
over embedded in the broader pool of multipolar non-
centrosymmetric systems whereby octupolar molecules13
are a special case of major interest. Multipolar molecules
and materials feature richer tensor potential towards
more advantageous nonlinear polarization schemes, such
as octupolar light–matter configurations abiding to po-
larization independence conditions.14,15 Due to the sym-
metry induced net cancellation of their dipole moment
that forbids classical dipolar coupling schemes, octupo-
lar molecules have set a challenge since the early stage of
a)Electronic mail: michal.jarema@pwr.edu.pl
their development. Therefore, the search and demonstra-
tion of efficient acentric orienting schemes for octupolar
molecules remains an active domain of research to this
day where theoretical modelling are spurring experiments
and vice versa in a currently widely open context.
The first steps towards the evaluation of the re-
quired conditions for ordering of low-concentration oc-
tupolar molecules by electric field at nano-scale (nano-
octupoling) were reported in Ref. 16. A lattice system
of planar two dimensional (2D) molecules with a single
in plane rotational degree of freedom was investigated
under the assumption of negligible molecular drift mo-
tion (i.e. fixed molecules restrained to rotate within their
plane around their center of mass). In this study, the
electric poling field was imparted by a system of elec-
trodes. The molecular interactions as well as the in-
fluence of the polymer matrix on the ordering dynam-
ics were neglected. It was found that effective poling of
small octupolar molecules (octupoles) demanded irrealis-
tic conditions, in the sub-Helium milikelvin temperature
range. Such limitation was shown to result from two
effects, namely the too small value of a geometric pa-
rameter (typical ratio of the sizes of the molecule and
poling cell) as well as the spatially inhomogeneous ori-
entation in the lowest energy state of the system. The
latter issue was addressed17,18 by proposing an optimal
symmetry adapted poling potential configuration of pure
octupolar symmetry that matches the symmetry of the
molecular species to be poled. However, this approach
failed to lead to a significant increase of the poling tem-
perature. Nevertheless, the aforementioned studies were
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FIG. 1. (a) An exemplary small octupolar molecule: TATB19
and (b) the model six-arm octupole.
FIG. 2. Octupoling setup: the model octupole with orienta-
tion angle ϕ at the center of poling cell.
just a starting point that relied on a heuristic model with
a priori estimates of the relevant geometric and physical
poling parameters.
The objective of this paper is to critically revise the re-
quirements for effective ordering of octupolar molecules
in the context of their NLO applications at higher tem-
peratures. This includes (i) statistical-mechanics model-
ing of poling setups, (ii) estimation of available values of
various physical parameters and (iii), evaluation of the
amplitudes of NLO signals.
The paper is organized as follows. A classical model
for an octupole is proposed and discussed in Sect. II.
The poling setup and the corresponding electrostatic cou-
pling energy are introduced in Sects. IIIA 1 and IIIA 2.
Statistical-physics aspects of octupoling (order parame-
ters and the concept of very weak octupoling) are intro-
duced and discussed in Sects. III B 1 and III B 2, respec-
tively; octupoling conditions are extensively analyzed in
Sect. III B 3. Another scenario – dipoling of octupolar
molecules – is discussed in Sect. III C. Finally, the re-
sulting magnitude of NLO signals is studied in Sect. IV.
A Quantum Chemistry (QChem) based validation of the
classical model of octupoling proposed in this study is
presented in the Appendix.
II. OCTUPOLAR MOLECULE TEMPLATE
We model the molecular charge density distribution
by point-charge extended multipoles of finite size con-
structed from the minimal number of point charges that
is required to account for the given multipolar symme-
try. The use of idealized point multipoles of infinitesi-
mal size might be an over-simplification20 for separation
distances comparable to the size of a molecule. There
are two main model 2D octupoles14 with three-fold axial
symmetry: a three-arm octupole considered previously16
and a six-arm octupole (6AO) shown in Fig. 1. The
latter consists of six alternating charges ±q at ends of
six arms of length d. The angle ϕ between the x axis
and a positively charged arm specifies the orientation
of octupoles in 2D space. We focus on 6AO molecular
template in view of its suitability to accommodate inter-
molecular interactions.21 We point out that the model
molecules are treated as rigid and non-polarizable (see
Section IIIA 2 and Appendix).
The dipole and quadrupole moments of 6AO vanish,
while the Cartesian components of its octupole moment
are defined by
Oijk =
6∑
n=1
qn (~rn)i (~rn)j (~rn)k, (1)
where qn and ~rn denote the charge and position of the n-
th point charge in 6AO molecule. The octupole moment
is a symmetric Cartesian tensor and is irreducible.22 At
the ϕ = 0 orientation most of Cartesian components van-
ish, except for Oxxx = −Oxyy = −Oyxy = −Oyyx =
3
2qd
3. Unlike the point octupole, the extended octupole
template sustains also multipole moments of order higher
than octupolar.
The norm of the octupole moment tensor expressed in
Cartesian basis takes the following expression
‖O‖ =
√∑
i,j,k
(Oijk)2 = 3qd3. (2)
Based on the calculation of the octupole moment for a
representative octupolar molecule TATB (see Appendix)
we use the following values of molecule’s parameters: size
d = 2.44 Å and molecular partial charge q = 0.66 e, where
e is the elementary charge.
III. ELECTRIC FIELD INDUCED NANO-OCTUPOLAR
ORDER
A. Model of point charges octupoling
1. Poling setup
The octupolar field distribution is generated by a sur-
rounding set of point charges. Figure 2 shows the oc-
tupoling cell consisting of six point charges of alternating
signs ±Q, which are located at the vertices of a regular
hexagon of side R. The values of R,Q, limited by nano-
scale fabrication technology and breakdown mechanisms,
will be discussed in Section III B 3. This poling scheme
differs from the classical electrode poling cell.16
32. Energy
The potential energy E(~r, ϕ) of the 6AO model
molecule rotated by the angle ϕ and subsequently trans-
lated from the cell center by a ~r vector is a sum of
6 × 6 Coulomb interactions between molecular and pol-
ing charges. In particular, the energy E(~r = 0, ϕ) of a
molecule located at the cell’s center is given by
E(ϕ) = 6
5∑
m=0
(−1)m k0 q Q√
d2 +R2 − 2dR cos (ϕ− ( 12 +m)pi3 ) ,
(3)
where the denominator is the distance between a selected
poling charge and m-th molecular charge, and k0 is the
Coulomb constant. Taylor expansion with respect to the
small parameter d/R ≈ 10−2 (Sect. III B 3) reads:
E(ϕ) =
∆E
2
sin 3ϕ+O
(
(d/R)9
)
, (4)
where
∆E ' 45 k0 q Q
R
(
d
R
)3
= 15
k0Q
R4
‖O‖ (5)
denotes the maximum–minimum energy difference and
plays the role of energy barrier for a molecule at the
cell center, oscillating around its ground state orienta-
tion ϕ0 = pi/2. Thus, in the first approximation E(ϕ) =
sin 3ϕ, as for the case of purely octupolar potential.17
We conclude that the energy barrier ∆E at the center of
the poling cell is proportional to the octupole moment of
6AO, and to the cell-related factor Q/R4 that character-
izes the amplitude of the octupoling field.
To test the reliability of a purely classical description of
the molecule and its interaction with the poling electric
field, we have calculated the energy of TATB molecule at
the center of the poling cell using quantum chemistry sim-
ulations (Gaussian98, B3LYP/cc–pVDZ). We have found
that the energy barrier agrees well (within 2%) with our
classical model (see Appendix for more details).
3. Ground state
Figure 3 shows the ground state orientation ϕ0(~r) and
the energy barrier ∆E(~r)/kB in the poling cell (kB de-
notes Boltzmann constant). Those functions have been
calculated analytically by direct evaluation of E(~r, ϕ), in
contrast to Ref. 16, where Monte Carlo simulations were
used. The ground state orientation is inhomogeneous
since the poling potential differs from the pure octupolar
potential.18 Nevertheless, in a wide central region, say
r < R/2, the poling conditions are approximately homo-
geneous: ϕ0(~r) = 90◦ ± 10◦. On leaving the center and
approaching the cell boundary deviations from an ho-
mogeneous order become significant. The vortexes (i.e.
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FIG. 3. Ground state orientation ϕ0(~r) (left) and the energy
barrier ∆E(~r)/kB (right) in the six point charges poling cell,
cf. Fig. 2. The scale of the energy barrier was calculated for
Q = 300 e and R = 60 nm.
points where the orientation is indefinite due to vanishing
energy barrier) are located at distance r ≈ 0.58R, similar
to that in the electrode poling cell.16 Detailed investiga-
tion of this interesting feature falls beyond the scope of
this paper and will be undertaken later.
B. Octupoling conditions: statistical mechanics analysis
1. Order parameter and its temperature dependence
The local orientational order parameter for a two-
dimensional molecule with n-fold symmetry axis perpen-
dicular to the plane where molecules are constrained to
rotate can be conveniently defined as
pn(~rk) = e
inϕk , (6)
where ~rk, ϕk denote respectively the center of a k-labeled
molecule and its orientation. For example, n = 1 and n =
6 correspond to a dipole and 2D hexagon,23 respectively.
A flat 6AO octupole has the three-fold symmetry (n = 3);
thus the corresponding order parameter reads16:
p3(~rk) = e
3iϕk . (7)
The canonical average Pn(~r) of pn(~r) is referred to as
the average local order parameter:
Pn(~r) = 〈pn(~r)〉 = 1
Z
∫ 2pi/n
0
pn(~r)e
−βE(~r,ϕ) dϕ, (8)
where β = 1/kBT (T is an absolute temperature) and Z
denotes the partition function:
Z =
∫ 2pi/n
0
e−βE(~r,ϕ) dϕ. (9)
We will skip thereafter (unless otherwise stated) the in-
dex 3 for octupolar order parameters, thus p = p3 and
P = P3. The overall order for N octupoles in the system
is described by the average global order parameter
P =
1
N
N∑
i=1
P (~ri). (10)
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FIG. 4. Characterization of local order p as function of dimen-
sionless inverse temperature β?: |P | (black line), √Var {< p}
(red dashed line) and
√
Var {= p} (blue dotted line).
Let us estimate the degree of average local octupolar
order at the center of the cell, see Fig. 3. We define the
dimensionless inverse temperature
β? =
∆E
2
1
kB T
=
15 k0Q ‖O‖
2R4 kB T
, (11)
and use the first term in the expansion of the energy, Eq.
(4). Then, the partition function is
Z =
∫ 2pi/3
0
e−β
? sin 3ϕ dϕ =
2pi
3
I0(β
?), (12)
where In stands for the modified Bessel function of the
first kind24 for n = 0, 1, 2, .... The average local order
parameter reads
P = 〈p〉 = 〈e3iϕ〉 = 〈cos 3ϕ〉+ i〈sin 3ϕ〉
= 0 + i
1
Z
∫ 2pi/3
0
sin 3ϕe−β
? sin 3ϕ dϕ = I1,0(β
?) e3ipi/2,
(13)
where I1,0 = I1/I0. The fluctuations of the complex local
order parameter p(~r), represented by variances of its real
(< p) and imaginary (= p) parts, read
Var {< p} = 〈(< p)2〉 − 〈< p〉2 = I1,0(β?)/β?,
Var {= p} = 〈(= p)2〉 − 〈= p〉2 = 1− I1,0(β?)2 − I1,0(β?)/β?.
(14)
Figure 4 shows the plots of
|P |,√Var {< p},√Var {= p} as a function of β?.
For β? → ∞ (low temperature) P → −i, i.e. |P | → 1.
At low temperatures the amplitude |P | is close to 1, but
the phase still fluctuates.
2. Very weak poling regime: energy barriers and
experimental conditions
Consider a system with a rotational degree of freedom
in an external poling field characterized by a potential
well with energy barrier ∆E. As long as thermal fluc-
tuations are much lower than the energy barrier, i.e.
kBT  ∆E, the system is orientationally ordered. For
kBT ≈ ∆E the system is still moderately ordered but
strong fluctuations come in. Finally, in the case when
kBT  ∆E the fluctuations become completely disorder-
ing. Quite surprisingly, some NLO experimental effects,
that directly relate to an average orientational order, can
still be observed when the non-centrosymmetric order is
negligible because of large fluctuations, thanks to the sen-
sitivity and high signal-to-noise ratio of current detectors
such as photomultipliers or photodiodes. Therefore, in
parallel with the strong poling regime (kBT  ∆E) and
weak poling regime (kBT ≈ ∆E) we introduce the very
weak poling regime (kBT  ∆E), in which residual or-
dering can still be detected in current NLO experiments.
In what follows we estimate the order of magnitude of
corresponding (minimal) acentric order in the case of
one of the most important NLO poling experiments that
is the electric field induced second harmonic generation
(EFISH).25,26
The typical experimental conditions of EFISH in the
case of simple dipolar push–pull molecules are as fol-
lows. The homogeneous poling electric field strength is
of the order of dielectric strength of air Eair ≈ 3 · 106 Vm .
The ground-state dipole moment of dipolar push–pull
molecules used in NLO is of the order of 10 D. For ex-
ample, for pNA molecules with a dipole moment µ =
6 D27,28 the energy barrier reads
∆EEFISH = 2µ Eair ≈ 0.75 meV, (15)
which compared to the the amplitude of thermal fluctu-
ations kBT at room temperature (T = 300 K) yields a
factor α
α =
kB 300 K
∆EEFISH
≈ 30. (16)
The barrier is much lower than the amplitude of thermal
fluctuations, therefore the acentric order in EFISH is very
low from a statistical-mechanics point of view. Namely,
in the two-state model the degree |m| of the orientational
order is
|m| = tanh µEair
kBT
= tanh
1
2α
≈ 1.6 · 10−2, (17)
which appears to be is sufficient for SHG detection.
Since the fundamental requirement of centro-
symmetry breaking applies to both EFISH and
octupoling, we expect that SHG due to the acentric
order in a system of octupoles can occur at a similarly
low magnitude of the order parameter29. Therefore, we
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FIG. 5. Order parameter |P | in the central part of a point
charge poling cell in function of the poling charge Q for se-
lected temperatures. The order parameter |P |v.w. for the very
weak regime is represented by the horizontal line.
propose a revised criterion for octupoling temperature
in the very weak poling regime
Tv.w. = α
∆E
kB
, (18)
instead of the weak criterion Tweak ≈ ∆E/kB from
Ref. 16. The value of the octupolar order parameter in
the very weak poling regime is obtained by evaluating
Eq. (13) at (β?)v.w. = 12α (compare Eqs. (11) and (18)):
|P |v.w. ≈ 10−2, (19)
in fair agreement with its dipolar counterpart, Eq. (17).
3. Discussion of octupoling conditions
Based on previous considerations, we discuss now the
conditions for effective octupoling in the central region
of a realistic poling cell, in the very weak poling regime,
Eq. (19). In order to increase the poling temperature
the cell-related factor Q/R4, see Eq. (5), has to be max-
imized; therefore we look for small values of R and large
values of Q. In what follows we use the same poling cell
size R = 60 nm as in Refs. 16 and 30, and concentrate
on the analysis of physical constraints imposed by the
magnitude of the poling charge Q.
Figure 5 shows the double logarithmic plot of order
parameter |P | = I1,0(β?(Q,T )) (Eq. (13)) vs. Q for a
few selected temperatures - liquid Helium, liquid Nitro-
gen and room temperature. It implies the power law
dependence for |P |:
|P |(Q,T ) = f(T )Qx. (20)
The exponent x and function f can be easily inferred in
the high temperature expansion (HTE) limit when β? →
0. Namely, in this limit I1,0(β?) ≈ 12β? ∝ QT . Hence, x =
1 and f(T ) ∝ 1/T . A closer inspection of the plot shows
that those results hold for, say, |P | ≤ 0.5, far beyond
the very weak order regime. Putting |P | = |P |v.w. in
this formula and using the definition of β? in Eq. (11)
provides the charge Qv.w. which grants the very weak
poling conditions at temperature T :
Qv.w. =
4
15
kBR
4
k0‖O‖ |P |v.w. T. (21)
The practical implementation of very weak octupolar
poling conditions at temperature T is limited by the re-
strictions imposed on the cell setup by the acceptable
magnitude of the accompanying electric field E(Qv.w.).
Two physical effects appear to be of primary importance.
Firstly, the dielectric strength of the medium must pre-
vent electric breakdown. In practice, the “point” poling
charges are small charged spheres of radius rs. The elec-
tric field Es close to the surface of a sphere bearing charge
Q is
Es(Q) = k0Q
rs2
. (22)
The dielectric strength of the matrix has to be higher
than Es(Q), which sets an upper boundary Qs,max on Q:
Q < Qs,max.
Secondly, Coulomb forces between poling charges must
be balanced by elastic reaction forces, so as to prevent
collapse of the poling cell. The net Coulomb force acting
on any of the poling charges due to the remaining five
ones (see Fig. 2) is directed towards the center of the
poling cell and is given by
F (Q) = cF
k0Q
2
R2
, cF =
15− 4√3
12
≈ 0.67. (23)
The charged spheres of radius rs interact through a sur-
face S ≈ pirs2 with the surrounding medium. The result-
ing pressure is:
η(Q) =
F
S
= cF
k0Q
2
pirs2R2
. (24)
To avoid the mechanical breakdown of the polymer ma-
trix its tensile strength has to be larger than η(Q), which
sets another upper limit Qη,max on the magnitude of Q:
Q < Qη,max.
The mutual relations between the poling charge Q, the
electric field amplitude Es(Q) (Eq. (22)), the pressure
η(Q) (Eq. (24)) and temperature T (Q) (Eq. (21)) are
summarized in Fig. 6. They are useful for an evaluation
of very weak poling conditions at given temperature T .
To this end, the parameters Qs,max and Qη,max have to
be estimated.
Let us discuss Qs,max first. The dielectric strength
of common polymers is at least one order of magni-
tude higher than the dielectric strength of air.31,32 More-
over, it usually increases for small thicknesses of the
insulating layer, short timescale, low temperature and
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FIG. 6. Mutual relations between the poling charge Q, the
dielectric strength Es(Q) (Eq. (22)) and mechanical strength
η(Q) (Eq. (24)), and the temperature T (Q) (Eq. (21)) for
octupoling at the cell’s center in the very weak poling regime
for R = 60 nm and rs = 12 nm. Black arrows design maximal
accessible values (dielectric and mechanical strengths) of the
poling setup. The red arrow points at maximal accessible
temperature Tv.w. resulting from the restrictions imposed by
Es.
for high purity materials.33 Interestingly, thin films (170
nm) of thermally-cured DNA–CTMA sol–gel have been
demonstrated34 to sustain an electric field as high as
9 · 108 Vm at room temperature. Moreover, the spheres
can be covered with an insulating layer to increase the
threshold for electric breakdown. An outstanding value
of dielectric strength is the avalanche breakdown strength
of chemical vapor deposited diamond.35–38 It has been
reported38 that an electric field up to 5 · 109 Vm can be
applied to a 200 nm-thick diamond. To estimate the
threshold parameter Qs,max we set Es to a slightly lower
limit of 3 · 109 Vm (at the onset of breakdown38) and use
the value rs = R/5 for the radius of the sphere. We find,
from Eq. (22), Qs,max ≈ 300 e.
Next, let us estimate the mechanical breakdown ef-
fect related to pressure. Tensile strength of PMMA is
about 50-75 MPa at room temperature.39 The corre-
sponding upper limits for the poling charge Qη,max are
correspondingly in the 700 e to 900 e range. Moreover,
the charged spheres can be mechanically supported by a
skeleton made from a harder material, e.g. fused silica
(SiO2) with tensile strength of about 150 MPa.40 Then,
Qη,max can raise up to 1250 e.
To summarize, the critical restrictions on Q result from
the electric breakdown effect:
Q < Qs,max ≈ 300 e < Qη,max. (25)
A gold sphere of radius rs = R/5 = 12 nm contains about
4 · 105 atoms and 4 · 103 laying on its surface, so charging
it with 300 electrons results in a realistic charge density.
Finally, inserting Qv.w. = Qs,max = 300 e and
|P |v.w. = 10−2 into Eq. (21) we find that the very weak
octupoling can take place in the liquid Helium range:
Tv.w. ≈ 5 K. (26)
C. Dipoling-induced octupolar order
A different way of promoting octupolar orientational
order is to consider molecules of mixed dipolar–octupolar
character, to be poled by a strong dipolar electric field.
By way of introducing a quantitative model, let us
start with a qualitative presentation. It is well known
that symmetry arguments strictly forbid octupoling of
dipolar–octupolar molecules via a homogeneous external
field in the weak poling regime, i.e., when the Boltzmann
factor is expanded to the first order w.r.t. the inverse tem-
perature β.15,30 However, higher order expansion terms
may exhibit the symmetry features of octupolar order pa-
rameter and therefore promote a non-zero octupolar or-
der. For a mixed dipolar–octupolar molecule sustaining a
strong octupolar second polarizability tensor component,
SHG anisotropy may exhibit properties with octupolar
symmetry features. A more technical development of this
situation is given in the next Section.
More generally, we wish to point out that such a mech-
anism complies with the basic distinction between low-
and high-field effects that pervades throughout nonlinear
optical phenomenology. In a similar context it has been
shown both theoretically and experimentally that the
template mixed dipolar–octupolar molecule 1,3-dinitro-
4,6-di-(n-butylamino)-benzene (DNDAB, with C2v point-
group symmetry, see Ref. 15) exhibits a significant depar-
ture of its nonlinear anisotropy from the weak poling field
value of 3, onto lower values that are indicative of strong
octupolar contributions to nonlinear susceptibility.41,42
In addition to the usual dipolar component, SHG signal
has been shown to sustain octupolar properties.
Let us formulate this scenario in a quantitative way.
Consider a planar dipolar–octupolar molecule abiding to
an in-plane two-fold symmetry axis and a dipole moment
along that axis (i.e. in C2v symmetry, lowering the sym-
metry of an equilateral triangle into that of an isosceles
one), in an external homogeneous field ~E . Generaliza-
tion to the case where the poling field exhibit an octupo-
lar component is briefly discussed in Sect. V. The en-
ergy E(ϕ) of an octupolar molecule with attached dipole
moment ~µ in this case originates exclusively from the
dipole–field interaction, since the field ~E is not allowed
to couple, due to symmetry arguments, to the octupo-
lar electric moment of the molecule.15,30 E(ϕ) depends
on the orientation ϕ of the dipole (note different energy
formula from that in Eq. (13)):
E(ϕ) = −~E · ~µ = −Eµ cosϕ. (27)
The average local order planar parameters Pn, Eq. (8),
read:
Pn =〈einϕ〉 = 1
Z
∫ 2pi
0
einϕe−β E(ϕ) dϕ
=
1
Z
∫ 2pi
0
cos(nϕ)eβ
?
d cosϕ dϕ =
In(β
?
d)
I0(β?d)
,
(28)
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FIG. 7. Log-log plot of octupolar order parameters P1 (black
solid line) and P3 (red dashed line) in function of the inverse
temperature β∗d . Inset: modified dipolar–octupolar molecules,
see text.
where Z =
∫ 2pi
0
eβ
?
d cosϕ dϕ and β?d =
Eµ
kBT
. The plots
of dipolar and octupolar order parameters P1 and P3 in
function of β?d are shown in Fig. 7. At low temperatures
P3 ≈ (P1)9 (low temperature expansion) and both pa-
rameters have comparable values when P1 is close to 1.
The situation becomes very different at high tempera-
tures (weak interaction limit) – the leading terms in this
expansion read
Pn ' (β
?
d)
n
2nn!
. (29)
In particular, the octupolar order parameter P3 vanishes
in the first order of high-temperature expansion, in agree-
ment with our former statement. However, it becomes
non-zero for the third order expansion, while relating to
the dipolar order parameter P1 in the following way:
P3 ' (P1)3/6, (30)
indicating that the octupolar order parameter becomes
negligibly small in comparison with the dipolar one when
β?d  1. On the other hand, a sufficiently strong homo-
geneous field (such that P1 ≈ 1) promotes a high degree
of in-plane octupolar order. The relation between or-
der parameters P3 and P1 for a range of temperatures is
summarized in Fig. 8.
Let us estimate the magnitude of the dipolar mo-
ment necessary to support the very weak poling regime
(P3)v.w. = 0.01, Eq. (19), at Nitrogen temperatures
(T = 77 K). Using Eq. (29) and the definition of β?d
we find
T ' Eµ
kB
3
√
48(P3)v.w.
≈ 1.28Eµ
kB
≈ 61.7 KD µ, (31)
with E = 2 · 108 V/m as available poling field strength;31
µ is expressed in Debye unit. Upon replacing T with 77
K we get µ ' 1.25 D. The related dipolar order param-
eter P1 is, contrary to P3, not negligible: P1 ≈ 0.36. To
T * = 0.1
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FIG. 8. Log-log plot of parametric relation between order
parameters P3 and P1 (black solid line). The reduced tem-
perature parameter T ? = 1
β?
d
is marked along the curve. The
high-temperature asymptote P3 = (P1)3/6 (blue dashed line)
and low-temperature asymptote P3 = (P1)9 (green dotted
line) are also shown.
create such a dipole the 6AO molecule has to be modi-
fied accordingly. Let us discuss briefly three strategies:
(i) distorting the shape of the octupolar molecule, (ii)
adding a peripheral dipolar group, and (iii) modifying
the molecular charge density (see inset in Fig. 7).
In the first case four arms of a 6AO molecule are bent
towards its C2 axis (formed by remaining two arms) by
φ = 2.7◦. Such a distortion removes the C3 symmetry
axis but leaves the C2 unchanged (i.e. lowers symmetry
from D3h to C2v) and decreases the irreducible octupole
moment by about 1% while inducing a dipole moment of
1.25 D.
In the second strategy, a group with a small dipole
moment is rigidly attached to an octupolar molecule in
such a manner that it is separated from the pi-conjugated
system responsible for octupolar hyperpolarizability (in
a similar way to the CN nitrile group in the NPAN
molecule15). For example, it could be accomplished by
a substitution of one C–H bond by a more polarized
C–Cl bond. To estimate the magnitude of the corre-
sponding dipole moment, we have analyzed experimen-
tal dipole moment data43 for 18 simple compounds con-
sisting of carbon, hydrogen, and a single chloride atom
adjacent to a carbon atom, such that with H replac-
ing Cl their dipole moment would vanish due to sym-
metry. The average and standard deviation for those
compounds is µCCl = (1.95 ± 0.23) D. Similar query
for 14 compounds containing a single CN group yields
µCN = (3.96± 0.30) D.
In the third template the magnitude of two ±q oppo-
site charges in the 6AO molecule is reduced by δ = 0.08 q.
It leads again to C2v symmetry and decreases the irre-
ducible octupole moment by 2.5% while inducing a dipole
moment of 1.25 D. This method is inspired by the gener-
alized equivalent internal potential model.44 Namely, in
the TATB molecule one pair of NO2 and NH2 donor and
acceptor groups (which are strong substituents in nonlin-
8ear regime44) are exchanged with other two slightly less
“pushing” and “pulling” substituents.
We point out that the modification of the structure of
purely octupolar molecule is, in general, accompanied by
a change of the octupolar component of the molecule’s
second hyperpolarizability. On the other hand, taking
into account the fact that the structural modifications as
well as the changes of irreducible octupolar moments are
minor, we assume that the octupolar non-linear responses
are also modified to a low degree. A short discussion of
this topic is presented in Sect. V.
We conclude that the very weak octupolar order can
be reached by di-poling of dipolar–octupolar molecules
with µ = 1.25 D at liquid Nitrogen temperatures:
Tv.w. = 77 K. (32)
IV. SHG COEFFICIENTS FOR DIFFERENT SCENARIOS
FOR PROMOTING NANO-OCTUPOLAR ORDER
Let us estimate the values of some experimentally-
accessible NLO parameters in the previously discussed
poling scenarios. To this end, we apply the methodology
worked out in Ref. 30, aiming at the calculation of NLO
susceptibilities of a system of multipolar molecules or-
dered by multipolar electric field in the weak interaction
(HTE) limit. Namely, the average of any tensor prop-
erty attached to a molecule (e.g. its charge distribution)
can be expressed as a weighted sum of irreducible ten-
sorial parts of the property, weighed by multipolar local
order parameters Pn = 〈pn〉 (Eq. (8)). For example, the
quadratic nonlinear susceptibility tensor χ˜(2), defined as
the product of number densityN and quadratic hyperpo-
larizability tensor β˜ averaged over molecular orientations,
reads in 2D30
χ˜(2)(~r) = N〈β˜〉 = N
3∑
n=0
Pn(~r) β˜
J=n, (33)
where tildes denote tensors. The sum runs over the irre-
ducible parts J of the tensorial property β˜ – from J = 0
(scalar part) to the rank of the tensorial property J = 3
for χ˜(2). Moreover, a symmetric tensor, like β˜ in Klein-
mann regime, consists only of irreducible parts with J
displaying the same parity as the rank of the tensor.22
Thus, the NLO response consists of vectorial (J = 1)
and octupolar (J = 3) parts:
χ˜(2)(~r) = N (P1(~r) β˜J=1 + P3(~r) β˜J=3). (34)
For a three-fold-symmetric octupolar molecule like
TATB, the vectorial part β˜J=1 vanishes. In the case of
dipolar induced octupolar order (Sect. III C) the vecto-
rial part becomes, in general, non-zero, and can dominate
the response as P3  P1 in the weak interaction limit,
see Fig. 7. However, the octupolar part of the response
offers advantages over its vectorial counterpart due to its
richer tensorial structure.14,15 In particular, while the oc-
tupolar response in a given (vectorial part) direction can
be dominated by its dipolar counterpart, it remains un-
influenced in two other directions. In other words, the
optical waves in different directions can still be nonlin-
early coupled by non-zero off-diagonal tensor components
like χ(2)xyy, χ
(2)
yxx. In what follows, we focus on octupolar
order and proceed to estimate the value of
χ˜(2)(~r) = N P3(~r) β˜J=3. (35)
Using the overall global order parameter P, Eq. (10),
instead of P3 in Eqs. (33)–(35) corresponds to averaging
over the positions ~r in the cell, and yields the global
susceptibility of the system χ˜(2). A related, more widely
used parameter, is the nonlinear susceptibility coefficient
matrix1 dil = 12ε0χ
(2)
ijk (ε0 is vacuum permittivity, Voigt’s
index notation1 is used), for which we get
dil =
N
2ε0
PβJ=3ijk . (36)
Eqs. (33) – (36), which were derived within the weak
interaction limit, can as well be applied for order param-
eters obtained by other means, provided that the weak
interaction approximation remains valid – in particular,
in the very weak poling limit used in this paper.
Let us estimate the order of magnitude of the dil tensor
components for TATB guest molecules homogeneously
dispersed in a PMMA polymer host matrix with weight
fraction fwt. The number density isN = fwtρ/m1, where
ρ denotes the density of the system and m1 stands for
the mass of one molecule. It is useful to estimate the
corresponding average intermolecular distance l between
guest molecules. For uniformly mixed system l ≈ N−1/3,
and the reduced distance L = l/d reads
L = (fwtρ/m1)
−1/3d−1 ≈ 2.92/ 3
√
fwt, (37)
with m1 = 258 u (atomic mass unit), d = 2.44 Å for
a TATB molecule and ρ = 1.18 g/cm3 for pure PMMA
polymer matrix. Next, the components of the βJ=3ijk hy-
perpolarizability of a TATB molecule in the reference
frame of Fig. 1 are estimated as14,45 βxxx = −βxyy =
10−29 [esu] ≈ 3.5 · 10−50 (Cm)3J2 [SI].
The results are summarized in Table I, where we use
three values of intermolecular distance L = 5, 10 and 15.
The first one corresponds to fwt ≈ 0.2 which is a high
but achievable concentration in host–guest poled poly-
mer systems.31 A short comment on this choice is given
in Sect. V. Two simplifications were made. Firstly, in
the case of point charge octupoling the order is inhomo-
geneous and, for simplicity, only the central region of the
cell is considered, where P ≈ P (r = 0), see Fig. 3. Sec-
ondly, in the case of dipoling-assisted scenario we have
neglected the influence of added dipolar moment on the
hyperpolarizability βijk, see comment at the end of the
previous Section.
9L fwt N [cm−3] d11 [pm/V]
5 20% 5 · 1020 1.5 · 10−2
10 2.5% 6 · 1019 1.9 · 10−3
15 0.7% 2 · 1019 5.6 · 10−4
TABLE I. NLO susceptibility tensor d˜ = (2ε0)−1χ˜(2) in the
very weak poling regime, Eq. (36), for a few values of relative
distance L, weight fraction fwt and concentration N . The
non-zero coefficients of dil are d11 = −d21 = −d26.
For comparison, coefficients dil for NLO crystals are
typically of the order of 0.5 pm/V (quartz) to 70 pm/V
(GaSe). For dipoled host–guest system in polymer ma-
trix the achievable values are 2.5 pm/V (DR1, 2.74 wt%
in PMMA) to 84 pm/V (modified DR1, 10 wt% in
PMMA).31,46 In the next Section we discuss briefly some
scenarios which result in a substantial increase of the
value of this parameter in our model.
V. SUMMARY AND DISCUSSION
We have studied two scenarios of orientational order-
ing of small flat octupolar and slightly modified octupo-
lar molecules by external electric field in the context of
quadratic non-linear optics phenomena with emphasis on
second harmonic generation. While we have used a sim-
ple statistical mechanics modeling, a new methodological
approach was applied to the study of the very weak pol-
ing regime, when the emerging overall orientational order
is much smaller than thermal fluctuations. Experiments
should be enabled by the improved sensitivity and higher
signal-to noise ratio of current detectors used in NLO ex-
periments.
Our method of analysis of very low orientational oc-
tupolar order encompasses both statistical mechanics
modeling and an estimate of material limitations result-
ing from current nanotechnologies, with detailed cal-
culations performed for the TATB molecule. How-
ever, the method is very general and can be applied to
larger molecules (see below), metal-organic complexes,
nanocrystals, nanostructures etc.
We have found that the current nano-scale technology
limits the octupoling temperatures for small octupolar
molecules, like TATB, to a few Kelvins. This improves
the previous estimations16 by four orders of magnitude.
Its origin is as follows: (i) increase of the poling tem-
perature by factor α ≈ 30 due to the very weak poling
scheme, (ii) five times larger octupole moment and (iii)
much stronger octupoling electric field. Namely, the elec-
tric field strength in the middle of the poling cell would
correspond to the voltage V0 = 15pi16
k0Q
R ≈ 35 V in the
electrode poling scenario,16 where the value V0 = 0.1 V
has been previously used. The combination of those num-
bers yields around 5 · 104 – a factor by which the poling
temperature was underestimated in Ref. 16.
In the case of dipoling – a scenario in which modi-
fied octupoles with a small dipolar moment are poled
by a strong homogeneous electric field – the very weak
octupolar order is preserved up to liquid Nitrogen tem-
peratures. The characteristic feature of this scenario is
a trade-off between an increase of the poling tempera-
ture, proportional to µ, Eq. (31), and the loss of the
purely octupolar component of the NLO response. The
numerical estimations were based on the assumption that
the emergence of a small dipolar moment does not influ-
ence the octupolar hyperpolarizability. This hypothesis
is based on the model44 of equivalent internal potentials
acting on the polarizable molecular skeleton from the
surrounding push–pull substituent sites. Both perma-
nent moments and corresponding irreducible parts of the
hyperpolarizability are linear responses to the internal
potentials, and are therefore expected to change in the
same proportion for a small perturbation of the molecu-
lar structure. In particular, a correlation between calcu-
lated (J = 3,m = ±3) components of O˜ and β˜ has been
reported.44 A quantitative analysis of this topic requires
quantum chemistry calculations for the molecules of in-
terest and goes beyond the scope of this paper. Another
advantage of this scenario is a strong increase of octupo-
lar order at lower temperatures. At Helium temperatures
(T = 5K) the order parameters are P1 ≈ 0.96, P3 ≈ 0.68.
The latter indicates a high degree of octupolar order,
some two orders of magnitude larger than in the very
weak poling limit. This yields, in the first approximation,
an increase of SHG by an order of magnitude: d11 ≈ 0.1
pm/V for fwt = 20%, see Table I.
The results of this study imply that a moderate change
of the parameters of the model can raise the octupoling
temperature to a more acceptable range. We postpone a
systematical analysis to future studies and will limit our-
selves here to the discussion of some emerging scenarios.
Consider first the pure octupoling method. Technologi-
cal constraints impose an upper limit to the poling charge
Qs,max (Eq. (25)). This introduces (see Eq. (21)) a rela-
tion between the poling temperature, the octupolar order
parameter and the size of the poling cell in the very weak
poling regime:
T = const
‖O‖
R4 |P |v.w. ∝
|q| d3
R4 |P |v.w. , (38)
since O ∝ qd3. We find that the most promising method
to increase the poling temperature is to increase the oc-
tupolar moment of the molecule. For example, a twofold
increase of charge q accompanied by a twofold increase
of d (thus the size of a molecule) brings the octupoling
temperature to the Nitrogen range; if the size were to
be increased by a factor of three, the poling temperature
would still be below room temperature but close to it.
The corresponding molecular design provides an inter-
esting target for quantum chemistry calculations. Other
than that, reduction of the detection limit of octupolar
order P below the P ≈ 1% threshold would also allow
for an increase of the poling temperature.
Another interesting scenario not discussed in this pa-
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per is the dipole-assisted octupoling, i.e., in the presence
of both dipolar and octupolar poling fields which jointly
enhance the octupolar order. When both octupolar-order
components (due to dipolar and octupolar fields) are in
the very weak poling regimes, then the resulting octupo-
lar order is the sum of both components. This is, e.g., the
case for larger molecules discussed above, with octupoling
temperature in Nitrogen region, the net order remain-
ing in the very weak limit, leading to a very low NLO
response. On the other hand, when both components
are not small then the net octupolar order is larger than
the sum of both components, due to nonlinear interac-
tion term. Consider again the larger molecule discussed
above (with octupole moment increased by factor 16 and
dipole moment µ = 1.25 D) now at Helium temperature
(T = 5 K). Then, the net octupolar order parameter P3
has two components: the dipoling-induced octupolar or-
der parameter P3 ≈ 0.68 and the octupoling-induced one
P3 ≈ 0.13. The sum yields around 0.8, but the nonlin-
ear effects will still increase it, approaching the limit of
perfect octupolar order P3 = 1. In this limit the nonlin-
ear susceptibility tensor χ˜(2) (Eq. (33) is directly propor-
tional to the quadratic hyperpolarizability tensor β˜. For
TATB molecules we find d11 ≈ 1 pm/V for fwt = 20%.
Detailed analysis of this topic goes beyond the scope of
this paper.
The next step in the modeling of octupoling is to ac-
count for the three-dimensional geometry of more general
molecular octupoles. The description of orientational or-
der in three dimensions requires a more advanced math-
ematical formalism. This extension is currently under
investigation and will be reported later.
Current study did not account for intermolecular
octupole–octupole interactions. Preliminary results show
that they become important for fwt larger than a few per-
cent (L lower than, say, 10). The interactions introduce
local correlations which modify the local and global or-
der. This study is under progress and its results to be
published elsewhere.
Appendix A: Quantum-Chemical validation of the model
The choice of point-charge model for octupolar
molecules implies that interactions with an external elec-
tric field are of purely electrostatic nature. However,
quantum effects can, potentially, introduce corrections.
In this Section we use some simple methods of QChem
to address this issue.
1. Octupole moment
Contributions to the octupole moment come from both
electrons and nuclear charges. The electronic part was
calculated using DFT in the Dalton program.47,48 The
electronic charge density, obtained from the solution of
Kohn–Sham equations,49 was numerically integrated to
Q [e] 1 8 1/2 1
R [nm] 4 4 2 2
∆EQChem/kB [K] 28.4 227 231 462
∆E/kB [K] 28.2 226 227 454
TABLE II. Energy barriers computed by QChem methods
(∆EQChem/kB) and ∆E/kB predicted by the classic 6AO
model.
calculate the Cartesian components of the electronic con-
tribution to the octupole moment, see Eq. (1). The cal-
culations used the DFT hybrid functional B3LYP and
cc–pVDZ basis set. All calculations in this Appendix
were done for a planar geometry of the TATB molecule
optimized with the use of the B3LYP/6–31G(d) method.
The magnitude of the total octupole moment (including
electronic and nuclear contribution) was found to be
‖O‖ ≈ 28.8 eÅ3. (A1)
In the point-charge octupole model, Eq. (2), the oc-
tupole moment is specified by two parameters, q and d.
In this paper we use q = 0.66 e, d = 2.44 Å. Other com-
binations (e.g. q = 0.5 e, d = 2.67 Å ) have negligible
impact on quantitative results. The parameters of a typ-
ical octupole used in Ref. 16 yield the value ||O|| = 6 eÅ3.
The calculated octupole moment of TATB is thus nearly
five times larger, which increases the energy barrier ac-
cordingly (see Eq. (5)).
2. Energy barrier: quantum corrections
The energy barrier for the octupolar TATB molecule
at the center of the poling cell (see Fig. 2) was roughly
estimated using QChem methods and compared to the
barrier predicted in the point charges poling scheme. The
QChem computations of energy of TATB molecule were
done at the B3LYP/cc–pVDZ level, without optimaliza-
tion of the molecular structure. The classic formula for
the energy barrier of a model 6AO is given by Eq. (5). We
have found that both barriers have similar values even for
much stronger poling fields than those used in this study,
represented by four sets of values of Q and R in Table II.
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